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Abstract
We show that one can express Frobenius transformation on middle-dimensional p-adic
cohomology of Calabi-Yau threefold in terms of mirror map and instanton numbers. We
express the mirror map in terms of Frobenius transformation on p-adic cohomology .
1 Introduction
In [1] we gave an expression of instanton numbers in terms of Frobenius transformation
on middle-dimensional p-adic cohomology of Calabi-Yau threefold with respect to canon-
ical coordinates on moduli space of complex structures . We mentioned that conversely
Frobenius map in canonical coordinates can be expressed in terms of instanton numbers.
(A rigorous exposition of the results of [1] was given in [2].) In present paper we will
prove that Frobenius map on middle-dimensional cohomology constructed by means of any
coordinate system in the neighborhood of maximally unipotent boundary point of com-
plex structures can be expressed in terms of mirror map and instanton numbers (Sec.2)
The calculations in Sec 2 generalize some calculations of [1], however, our exposition is
independent of [1]. In Sec 3 we will discuss integrality of mirror map ; we will give an
explicit formula for mirror map in terms of Frobenius transformation on cohomology of
Calabi-Yau manifold. (Talking about Frobenius map on cohomology we have in mind the
middle-dimensional cohomology with coefficients in the ring Zp of integer p-adic numbers;
see [3] for transparent construction of this map.) In the last section we describe a way that
permits us to apply our calculation of Frobenius map to computation of zeta-functions
of Calabi-Yau manifolds over finite fields. These zeta-functions were studied in [8]; our
calculations are more general , but less explicit.
2 Calculation of Frobenius map
Let us consider a family of complex Calabi-Yau manifolds of dimension n in the neighbor-
hood of maximally unipotent boundary point in the moduli spaceM of complex structures.
The coordinates in the neighborhood of the boundary point will be denoted by z1, ..., zr ;
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the points on the boundary divisor obey zi = 0. We assume that the moduli space M is
defined over Z.
The corresponding B-model can be formulated in terms of Hodge filtration Fp , weight
filtration Wk and Gauss-Manin connection ∇ on the bundle of cohomology groups H
n
(with complex coefficients). We assume that the B-model at hand can be considered as a
mirror of A-model. In particular, this means that Morrrison integrality conjecture (see [5]
or Sec 5.2.2 of [4] ) is satisfied.
We will consider Calabi -Yau threefolds. In this case the cohomology group H3 can
be represented as a direct sum of the subgroups Ik,k =W2k
⋂
Fk where k = 0, 1, 2, 3, and
rankI0,0 =rankI3,3 = 1,rankI1,1 = rankI2,2 = r. ( Here r stands for the dimension ofM.)




(We use the notation ∇δi for the covariant derivative corresponding to δi = zi∂/∂zi.)
Let us assume for simplicity that r = 1. Then we can take a symplectic basis of H3
consisting of vectors ek ∈ I
3−k,3−k, , k = 0, 1, 2, 3. ( In other words, the vectors ek obey
< e3, e0 >= 1, < e2, e1 >= −1.)
In this basis Gauss- Manin connection takes the form
∇δe3 = 0, (1)
∇δe2 = Y3(z)e3, (2)
∇δe1 = Y2(z)e2, (3)
∇δe0 = Y1(z)e1. (4)
Here δ stands for logarithmic derivative with respect to coordinate z in the neighborhood
of maximally unipotent boundary point. Compatibility of Gauss-Manin connection with
symplectic structure on cohomology implies that Y1 = Y3.
We follow the notations of Sec 5.6.3 of [4]. It is shown in this section that the mirror
map q(z) can be expressed in terms of Y1 = Y3; namely δ log q = Y3. In canonical coordinate
q we have Y1 = Y3 = 1 (for appropriate normalization of the basis in cohomology) and Y2
can be expressed in terms of instanton numbers (up to a constant summand.) In general
Yi can be expressed in terms of mirror map and instanton numbers. There exists also an
expression of Yi in terms of solutions of Picard-Fuchs equations (of periods of holomorphic
3-form Ω = fe0.) We will need the relation
δ log(f4Y 31 Y
2
2 Y3) = c3, (5)
2







δΩ+ c1∇δΩ+ c0Ω. (6)
To obtain (5) we substitute Ω = fe0 into Picard-Fuchs equation and apply (1)-(4). We
will use (5) to calculate f2Y 21 Y2.
One can prove that the action of Gauss-Manin connection on cohomology with coeffi-
cients in Zp is given by (1)-(4) where Yi are considered as series with p-adic coefficients ;see
[2]. (In this statement one should assume that the canonical coordinate and the vectors ei
are normalized in appropriate way.)
The map z → zp can be lifted to a map of cohomology groups with coefficients in Zp; this
map (Frobenius transformation) is compatible with symplectic structure on cohomology:
< Fra,Frb >= p3Fr < a, b >, (7)
where < a, b > stands for the inner product of cohomology classes.
The Frobenius transformation does not preserve the Hodge filtration; however, for p > 3
it satisfies
FrFs ⊂ psF0. (8)
The Frobenius map preserves the weight filtration; hence its matrix is triangular in our
basis:
Fre3 = a33e3, (9)










Notice that in the LHS of these formulas the vectors ei are calculated at the point z
and in the RHS these vectors are calculated at the point zp. The coefficients belong to
Zp[z].
From the relation (7) we obtain
a33a00 = 1, a22a11 = 1, a00a32 = a22a10, (13)
a11a20 − a21a10 + a31a00 = 0 (14)
The Frobenius map is compatible with Gauss-Manin connection:
∇δFr = pFr∇δ. (15)
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Using (15) we obtain relations between Yi and aij :
δaji + aj−1,iYj = aj,i+1Fr(Yi+1). (16)
We conclude that
δaii = 0 (17)
δai,i−1 = ai,iFrYi − ai−1,i−1Yi (18)
δai,i−2 = ai,i−1FrYi−1 − ai−1,i−2Yi (19)
δa30 = a31FrY1 − a20Y3. (20)
It follows from these formulas that ai,i does not depend on z and i. ( Independence of
z follows from the first equation; independence of i follows from second equation and from
the remark that LHS of all equations vanish at z = 0.) Let us denote the common value of
aii by ǫ; we obtain from (13) that ǫ = ±1.
The above formulas immediately permit us to calculate every matrix element of Frobe-
nius map up to a constant summand. To fix these constants it is sufficient to know the
matrix of Frobenius map at the point z = 0. From (16) we can deduce that vanishing
one of the elements of Frobenius matrix at z = 0 implies that all other elements on the
same diagonal (with the same difference between indices) are zero. From the other side
it is proved in [2] that in canonical coordinates q we have a12 = 0 ; this means that in
any integral coordinate system z we have a12 = 0 at z = 0. (This follows from remark
that dq/dz = ±1 at z = 0.) Applying (12),(13) we conclude that all off-diagonal entries of
Frobenius matrix at z = 0 vanish, except, may be, a30. There are some indications that
this entry also vanishes. Then this matrix coincides with the unit matrix up to a sign.
Similar calculations can be used to calculate the Frobenius map for r > 1.
Notice that we can consider also a transformation of cohomology groups over z into
cohomology groups over zq where q = ps. This map denoted by Fr(s) is induced by the
s-th power of map z → zp. One can calculate this map as a composition of s Frobenius
transformations. From the other side we can use the compatibility of this map with Gauss-







where j > i and aii = ǫ










3 Expression for mirror map
Integrality of mirror map was proven in [6] for quintic and in [2] in general case. In this
section we will use the ideas of [2] to give an expression for mirror map in terms of Frobenius
transformation. Integrality of mirror map will follow from this expression.









The expansion of this function with respect to x has integer p-adic coefficients: Ep(x) ∈
Zp[[x]]. It is easy to check that
δ logEp(x
pk)− δ logEp(x
k) = −kxk = −δxk.
Using this identity we can derive the following
Lemma 1
For every r(x) ∈ Zp[[x]] one can find such a series Q(x) ∈ Zp[[x]] that ν(x) = δ logQ(x)
obeys
ν(xp)− ν(x) = δr(x).
To prove this lemma we give an explicit construction of Q(x) in terms of Artin-Hasse
exponential. Let us suppose that r(x) = Σrkx
k. Then it follows immediately from the
properties of Artin-Hasse exponential that the power expansion of the product Q(x) =
ΠkEp(x
k)−rk is a series we need.
Artin-Hasse exponential can be expressed as a product:




where n runs over all natural numbers that are not divisible by p and µ stands for Moebius
function. Using this expression we can obtain another representation of Q(x) :








and d runs over all divisors of k that are not divisible by p.
In the situation considered in Sec 2 integrality of mirror map and an explicit expression
for it immediately follows from this lemma applied to the function r(z) = ±a32(z). Using
(18) and taking into account that aii = ǫ = ±1 we obtain
δai,i−1 = ±(FrYi − Yi).
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Applying this relation for i = 3 we can say that the role of the function ν is played by the
function Y3. The mirror map q obeys δ log q = Y3; this equation specifies q up to a constant





where ak32 denotes the coefficient of z-series a32(z).
One can prove that in appropriate normalization of mirror map the constant in this
formula is equal to ±1. We will not discuss the calculation of this constant referring to [2].
Applying (23) we can present the expression for q(z) in the form









Notice that applying the above considerations to the relation (18) for arbitrary i we
can prove integrality of all functions qi(z) obeying
δ log qi = Yi. (25)
These functions generalizing the mirror map were introduced by Deligne [7] in geometric
way; see also [4],Sec. 5.6.3. Notice that the equation (25) specifies the function qi(z) only
up to a constant factor, but the geometric definition fixes this factor.
It follows from the proof of integrality of qi(z) that







One can prove that the constant in this equation vanishes.
We have considered the mirror map only for Calabi-Yau threefolds and only in the case
when r = 1. However, our consideration can be applied also to n-dimensional Calabi-Yau
manifolds without any restriction on the dimension r of moduli space of complex structures.
In the case r > 1 one should apply the following multidimensional generalization of
Lemma 1.
Lemma 2
Let us suppose that ri(z) ∈ Zp[[z1, ..., zr ]]. Then one can find such series Q
i(z) ∈
Zp[[z1, ..., zr]] that ν
i






Here δj stands for the logarithmic derivative with repect to zj and the Frobenius map Fr
transforms f(z1, ..., zr) into f(z
p
1 , ..., z
p
r ).





where rik are coefficients of the power expansion of r
i(z) (we consider k as multiindex).
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4 Calculation of zeta-function
In Sec 2 we calculated the Frobenius map on middle-dimensional cohomology in the neigh-
borhood of maximally unipotent boundary point. It was represented by means of a series
with integral p-adic coefficients; this series converges in the open unit p-adic disk. (For
simplicity we assume again that r = 1.) However, changing a basis in cohomology in
appropriate way we can enhance the domain where our formulas make sense.
The right basis in cohomology consists of vectors Ω0 = Ω,Ω1 = ∇δΩ,Ω2 = ∇
2
δΩ,Ω3 =
∇3δΩ, where Ω stands for the cohomology class of the holomorphic 3-form. ( We assume
that Ω is a holomorphic function on the whole moduli space of complex structures.) We
can write Ω = fe0 where f(z) is a function holomorphic at z = 0. One can characterize
f(z) as a holomorphic solution of Picard-Fuchs equation. Applying (1-4) we obtain
Ω0 = fe0, (27)
Ω1 = δfe0 + fY1e1, (28)
Ω2 = δ






It is well known that zeta-function can be expressed in terms of traces on cohomology
of Frobenius map and its powers at Teichmueller points. (Teichmueller points are defined
as elements of the field Cp of complex p-adic numbers obeying z
ps = z for some s ∈
N. In other words, these points are fixed points of powers of Frobenius map z → zp.
Only at Teichmueller point the transformation Fr(s) corresponding to a power of map
z → zp maps a cohomology group into itself and we can talk about the trace of this
transformation.) To calculate the zeta-function we should know the Frobenius map on
all cohomology groups. Our results are not sufficient for this calculation if we impose
only the condition of existence of non-vanishing holomorphic 3-form in the definition of
Calabi-Yau threefold. (Only this condition was necessary to derive the results of Sec 2 and
3.) However, very often one includes additional conditions in the definition of Calabi-Yau
manifold X; namely one requires that holomorphic forms of positive degree exist only in
maximal dimension (i.e. the Hodge numbers hk0 vanish unless k = 0 or k = dimX). If
these conditions are included all cohomology classes on Calabi-Yau threefold, except classes
in middle-dimensional cohomology, can be represented by means of algebraic cycles. This
implies that the eigenvalues of the Frobenius on the second cohomology group have the
form ǫip, where ǫi is a root of unity, and on the fourth cohomology group the eigenvalues
are equal to ǫ−1i p
2.
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It is well known that zeta-function can be represented as as a quotient of two poly-
nomials; odd-dimensional cohomology groups contribute to the numerator P (t) and even-
dimensional cohomology groups contribute to the denominator Q(t). In the situation at
hand it is easy to calculate the denominator; one obtains






2t) (1− p3t). (31)
All odd-dimensional cohomology groups except H3 vanish, therefore we can obtain an
expression of zeta-function in terms of Frobenius transformation on middle-dimensional
cohomology calculated in Sec 2. We will not reproduce the result of this trivial, but
lengthy calculation. Similar calculations can be performed in the case of elliptic curves
(in this case we rederive Dwork’s result [9]) and in the case of K3 surfaces (Calabi-Yau
manifolds of dimension 2).
To give a flavor of formulas obtained by means of the methods described above we
consider much simpler problem: how to calculate the number of points mod p2. (We are
talking about the number of points of Calabi-Yau manifold over Fp. ) As in general case we
should calculate the trace of the operator Fr on the cohomology group over Teichmueller




δΩ, but we can drop in our
calculations all terms containing p2. The calculation of this trace leads to the following
result:




where a = a32 is a matrix element of Fr (see (10)), A = fY
2
1 Y2, B = fY1Y2 ,U =





It seems that U is well defined at Teichmueller point; if this is true then Fr(U) = U and
TrFr = Aˆ+ Bˆp.
Notice that one can simplify this formula using (5) . In particular, we obtain that mod p




The zeta-function of quintic was analyzed in [8]. The formula (33) agrees with [8]. It
would be interesting to rederive other results of [8] using our calculation; it seems that this
is possible, but not simple.
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